Let π 1 : K H , π 2 : H G and π 2 π 1 : K G be three finite regular coverings of graphs, and let σ be a representation of the covering transformation group of π 1 . We show that the L-function of G associated to the representation of the covering transformation group of π 2 π 1 induced from σ is equal to that of H associated to σ by means of ordinary voltage assignments.
Introduction
Graphs and digraphs treated here are finite and simple. Let G be a connected graph and D the symmetric digraph corresponding to G. A path P of length n in D(G) is a sequence P = (v 0 , v 1 , . . . , v n−1 , v n ) of n + 1 vertices and n arcs(edges) such that consecutive vertices share an arc(edge) (we do not require that all vertices are distinct). Set |P| = n. Also, P is called a (v 0 , v n )-path. The subdigraph (subgraph) with vertices and arcs (the corresponding edges) is denoted by the same notation P. We say that a path has a backtracking if a subsequence of the form . . . , x, y, x, . . . appears. A (v, w)-path is called a v-cycle (or v-closed path) if v = w. In graph theory, it is customary to use the term walk for what we call a path, and closed walk for what we call a cycle.
We introduce an equivalence relation between cycles. Such two cycles C 1 = (v 1 , . . . , v m ) and C 2 = (w 1 , . . . , w m ) are called equivalent if w j = v j +k for all j . Let [C] be the equivalence class which contains a cycle C. Let B r be the cycle obtained by going r times around a cycle B. Such a cycle is called a multiple of B. A cycle C is said to be reduced if both C and C 2 have no backtracking. A cycle C is prime if C = B r for some other cycle B and r ≥ 2. Note that each equivalence class of prime, reduced cycles of a graph G corresponds to a conjugacy class in the fundamental group
A representation φ of a group Γ over C is a homomorphism into the group G L(r, C) of invertible r × r matrices over C. We say that r is the degree of φ (see [14] ).
Mizuno and Sato [8] introduced an L-function of G. Let G be a graph and Γ a finite group. Let D(G) be the arc set of the symmetric digraph corresponding to G. Then a mapping α :
The L-function of G associated to ρ and α is defined to be the function of u ∈ C with u sufficiently small, given by
where f = deg ρ and [C] runs over all equivalence classes of prime, reduced cycles of G (cf., [6, 7, 12] ). Moreover, α(C) denotes the net voltage of C (see [4] ). Let ρ = 1 be the identity representation of Γ . Then, note that the L-function of G associated to 1 and α is the (Ihara) zeta function Z(G, u) of a graph G (see [7] ): Ihara [7] defined zeta functions of graphs, and showed that the reciprocals of zeta functions of regular graphs are explicit polynomials. Hashimoto [5] treated multivariable zeta functions of bipartite graphs. Bass [1] generalized Ihara's result on the zeta function of a regular graph to an irregular graph G, and showed that the reciprocal of the zeta function of G is given by
where r is the Betti number of G. Stark and Terras [12] gave an elementary proof of this formula, and discussed three different zeta functions of any graph. Mizuno and Sato [8] showed that the reciprocal of any L-function of G is an explicit polynomial, and so showed that the zeta function of a regular covering of G is a product of L-functions of G. Mizuno and Sato [9] considered L-functions of abelian regular covering of G. Let π 1 : K H , π 2 : H G and π 2 π 1 : K G be three finite regular coverings of graphs, and let σ be a representation of the covering transformation group of π 1 . In this paper, we show that the L-function of G associated to the representation of the covering transformation group of π 2 π 1 induced from σ is equal to that of H associated to σ by means of ordinary voltage assignments.
For a general theory of the representation of groups and graph coverings, the reader is referred to [14] and [4] , respectively.
Regular coverings of graphs
Let G be a connected graph, and let 
. Then Γ acts freely on the left of the Γ -covering G α . Thus, the covering transformation group of the Γ -covering G α is isomorphic to Γ (see [4] ). The Γ -covering G α is a |Γ |-fold regular covering of G. Every regular covering of G is a Γ -covering of G for some group Γ (see [3] ).
Let G be a connected graph, and let A and B be two finite groups. Furthermore, let
B be ordinary voltage assignments. Assume that both G α and (G α ) β are connected, and (G α ) β is a regular covering of G. By Lemma 1.5 of [13] , B is a normal subgroup of the covering transformation group Γ of (G α ) β G, and A ∼ = Γ /B. Thus, there exists an ordinary voltage assignment γ :
Now, we determine both α and β from γ . Let
In what follows we will identify the vertex (u,
and
For completeness, we mention that in [10] , the converse was considered, which is determining an explicit voltage assignment γ from α and β, together with an investigation of the multiplication rule in the large group Γ in terms of A and B with the help of walks in intermediate graph 
Let γ (C) = x and ord(x) = a. Then the lifts of
Thus, for each i = 1, . . . , t, let l i be an element of {k 1 , . . . ,
Proof. Similar to the proof of [13, Lemma 7.6].
L-functions of regular coverings

Let B be a subgroup of a finite group Γ and σ : B G L(W ) be a representation of B. Then the induced representation from B up to
where
The character χ π of a representation π of Γ is defined by χ π (g) = Tr π(g) for all g ∈ Γ . We use the following result (see [14] 
By Proposition 1 and Lemmas 1 and 2, we give a formula for the L-function of a graph G associated to the representation of a finite group Γ induced from a representation of a normal subgroup of Γ .
Theorem 1. Let G be a connected graph, and let A, B, Γ be three finite groups such that B ✁ Γ and A = Γ /B. Furthermore, let α : D(G) A, β : D(G α ) B be two ordinary voltage assignments, and let γ : D(G)
Γ be an ordinary voltage assignment such that G γ = (G α ) β . Assume that both G α and G γ are connected. Let σ be any representation of B and σ * = Ind Γ B σ the representation of Γ induced from σ . Then we have
Proof. The proof is an analogue of that of Proposition 9.2 in Sunada [13] .
At first, since log det(I − B) = Tr(log (I − B) ),
where χ σ * = Tr σ * . Let C be any prime, reduced u-cycle of G and let C 1 be the lift of
By Lemma 1, we have
Lemma 2 implies that
where runs over i such that l i x s l
Hence,
In the case of σ = 1, we obtain a decomposition formula for the zeta function of a regular covering of G by a product of L-functions of G (see [8] ). Let M 1 ⊕ · · · ⊕ M s be the block diagonal sum of square matrices M 1 , . . . , M s :
For a positive integer f , the matrix f • B is the block diagonal sum of f copies of a square matrix B. 
Corollary 1 (Mizuno and Sato
where ρ runs over all inequivalent irreducible representations of Γ .
Proof. Let B = {1} be the trivial subgroup of Γ and Γ = Γ /B. Furthermore, let 1 be the trivial representation of B and ρ = Ind Γ B 1 the representation of Γ induced from 1. Then ρ is the right regular representation of Γ . In Theorem 1, we let γ = α and β = 1. Therefore, it follows that
Since ρ is the right regular representation of Γ , we have
where ρ = 1, ρ 2 , . . . , ρ t are all inequivalent irreducible representations of Γ and f i the degree of ρ i ( f 1 = 1). Hence,
Now, we consider finite abelian groups B < Γ and A = Γ /B. Let χ be a character of Γ . Then the restriction χ| B of χ on B is a character of B. We define a mapping Φ : Γ * B * by Φ(χ) = χ| B , where Γ * is the character group of Γ . Then Φ is an epimorphism, and |Φ −1 (λ)| = d = |Γ |/|B| for each λ ∈ B * (see [2] ). Mizuno and Sato [9] gave a decomposition formula for any L-functions of an abelian regular covering of a graph G by L-functions of G. 
